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Density-functional theory for the interfacial properties
of a dipolar fluid
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Departamento de Fisica, Faculdade de Ciéncias de Lisboa e Centro de Fisica da Matéria
Condensada, Avenida Professor Gama Pinto 2, P-1699 Lisboa Codex, Portugal

Received 17 April 1990

Abstract. We have studied the interfacial properties of a model dipolar fluid using a gen-
eralization of the density functional mean-field approximation. The generalization consists
in weighting configurations in the mean-field average of the perturbative part of the energy
by the low-density approximation of the radial distribution function. This leads to a bulk
phase diagram which depends explicitlyon the strength of the multipole moments, incontrast
with the results of the simpler version of the theory.

The calculated surface tension and density-orientational profile are in fair agreement
with computer simulation {molecular dynamics) results: the addition of a dipole moment
causes the surface tension to increase and there is interfacial ordering induced by purely
multipolar forces. Anextension of the theory to binary fluid mixtures is also briefty discussed.

1. Introduction

In recent years the subject of molecular orientation at fluid interfaces has received some
attention. Orientation phenomena are believed to play an important role in catalysis as
well as in processes involving biological membranes. The most striking example of a
system exhibiting surface order is a liquid crystal (Lc). However, Lcs are remarkably
difficult to study theoretically, owing to the complexity of shapes and interactions of
their molecules. Hence a detailed microscopic theory can only be applied to drastically
simplified models of LCs to provide some insight into the qualitative behaviour of the
real systems.

On the other hand, fluids of smaller quasi-spherical multipolar molecules are simple
enough to be amenable to microscopic treatment, while retaining many interesting
interfacial properties, as revealed by some recent computer simulation (Townsend et a/
1985, Wilson ef 2/ 1987, Matsumoto and Kataocka 1988, 1989) and experimental (Goh et
al 1988) studies. Polar fluids such as water, hydrogen chloride and methanol are of great
importance in chemistry and biclogy, as are homonuclear diatomics such as hydrogen
and nitrogen, in which quadrupolar interactions are thought to be relevant. Further-
more, from a study of these systems, information can be obtained which may be pertinent
to LCs, whose richness of modern technological applications (Shanks 1982) makes them
worth investigating,
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We emphasize that the difficulties involved in a detailed microscopic treatment of
such systems stem not only from the complexity of intermolecular interactions but
mainly from the fact that we wish to consider non-uniform three-dimensional fluids, i.e.
systems where the translational symmetry of the bulk phases is broken at an interface.
This introduces non-trivial complications which hinder the application of more complex
approximations developed for homogeneous liquids.

Gubbins and co-workers developed separate theories for the surface tension and
density-orientational profile of fluids characterized by anisotropicinteraction potentials.
In their theories for the surface tension (Gray and Gubbins 1975, Haile er al 1976a,
Gubbins et af 1977) they introduced a drastic approximation for the density profile (the
Fowler approximation). As for the density-orientational profile, their earlier ‘u-expan-
sion’ (Haile et a/ 1976b) predicts that multipolar-like interactions are unable to cause
any interfacial ordering. The more elaborate ‘f-expansion’ theory (Thompson et af 1981)
nevertheless predicts orientational ordering in the surface due to electrostatic forces.
This latter theory was used to study a modet fluid in which the intermolecular potential
consists of site—site Lennard-Jones (LJ) terms plus a quadrupole—quadrupole term.
Predictions are in qualitative agreement with molecular dynamics (MD) simulation
results for chlorine by the same workers (Thompson and Gubbins 1981). However,
surface tension and structure are calculated independently and using different approxi-
mations. _

Tarazona and co-workers have also developed a perturbative expansion for the
Helmbholtz free energy of a molecular fluid interface (Tarazona and Navascués 1982)
which allowed them to calculate simultaneously the surface tension and the density-
orientational profile. This theory was later generalized using the density-functional
formalism (Chac6n et 2/ 1983} but it failed to predict any interfacial ordering induced by
purely multipolar intermolecular potentials.

More recently, Gubbins and co-workers used the f-expansion and a YBG-type
equation (Gubbins 1980) to study the liquid-vapour interface of a Stockmayer fluid
(Eggebrecht eral 1987a). They also performed an Mp simulation of the same system and
found qualitative agreement between theoretical and simulation results; dipoles tend to
lie parallel to the interface on the liquid side and the surface tension increases with
increasing sirength of the dipole moment. Calculations also showed that molecules
favour perpendicular orientations on the vapour side but the simulation data are incon-
clusive in thisregion. Thisinvestigation was of paramountimportance since it established
that interfacial ordering can be induced by purely multipolar forces.

In this paper we develop a density-functional theory similar to that of Tarazona and
co-workersin order to clarify whether this type of theory can predict interfacial ordering
as a result of purely multipolar interactions. The main advantage of density-functional
theories is that they allow us to calculate microscopic (density-orientation profile)
and macroscopic (surface tension and adsorption} quantities simultaneously and self-
consistently.

This paperis arranged asfollows: insection 2 we write down an (exact but intractable)
expression for the Helmholtz free energy of a non-uniform fluid characterized by aniso-
tropic pair potentials and introduce a new approximation which is particularly suitable
for treating multipolar fluids. In section 3 we apply the theory to a model dipolar fluid.
In section 4 we present our results for the phase diagram, density-orientational profile
and surface tension. Comparison is also made with the simulation results of Eggebrecht
et al. Finally in section 5 we briefly discuss some possible extensions of the theory and
make some concluding remarks.
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2. Modified mean-field theory for molecular fluids

The grand potential free energy 2 of a non-uniform one-component fluid is the minimum
of the functional (Evans 1979)

Qlp(r, w)] = Fplr, )] + fdr dw p(r, )V u(r, w) — f drdw p(r, w) (1)

where p(r, @) is the density-orientational profile in the presence of the external potential
Vex(?, @) and u is the equilibrium chemical potential. r = (x, y, z) is the set of position
coordinates and @ = (@, 6, x) the set of orentation coordinates (Euler angles) of a
molecule. F[p(r, w)] is a unique functional of the density which is independent of the
external potentials and represents the intrinsic Helmholtz free energy of the inhomo-
geneous fluid.

The equilibrium density py(r, @) is determined by minimizing equation (1), and the
surface tension can then be calculated from

YA=Q = Quu=Q+pV (2)

where p is the bulk pressure and V the volume of the system.
Let us consider a fluid characterized by a pairwise intermolecular potential ¢(r,, #,,
@, wz). In this case, it can be shown (Evans 1979) that

1
%[p(", U))] = @,e,—[p(r, w)] +?,1_Ff daffdrl drz d(t)] dCUZ g(r[,rz,m],CU2;IY)
0

XP(?’hwl)P("z,wz)‘Pp("h”stnwz) (3)

where we have defined a ‘perturbative’ interaction

Qplty, 1y, 0y, W) = @(ry, 72, 0), W3) — @rei{Fy, Fz, @1, ©7). 4)

In equation (3), F.p(r, w)] corresponds to an initial (non-equilibrium) reference
system in which the particles interact via a pairwise potential @ {r|, r3, @,, @5) and the
density is p(r, @). g(ry, r2, @), wy; @) is the pairwise distribution function for a fluid with
density p(r, w) and in which the pairwise potential is g (7, 13, W, @,) given by

®olrira,@1,02)=@ {7, 2,0, W)+ al@(r).r2,05,0) — @Qredr F2, @1, 02)]. (5)

This s the familiar coupling constant algorithm, where o parametrizes a linear inte-
gration path between the reference system and the real system.

Equation (3) is an exact result. However, the pairwise distribution function of the
non-uniform system is in general not known. Thus we shall first assume that g depends
on the position coordinates only through ry, = |r, — r,|, which amounts to replacing the
pairwise distribution function of the non-uniform system by the radial distribution
function of the uniformsystem. This latter functionis again not known exactly. Although
good approximate theories have been derived and applied to homogeneous systems,
caiculations for interfaces would be too complicated and of little practical interest.
Therefore it is usual to resort to the simplest mean-field (MF) approximation, i.e.

glrp, wy, w3 0)=1. (6)

However, if ¢, is an electrostatic interaction (i.e. one term or a combination of terms
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from the multipolar series expansion) the MF contribution to the free energy of an
isotropic bulk phase is zero, since (Gray and Gubbins 1984}

%pZVfdru dw, dw, @L"”“(ru,whwz) =0. (7)

Consequently the MF bulk phase diagram of a multipolar fluid in this approximation does
not depend on the strength of multipole moments, which is unrealistic for all but the
lowest moments.

The simplest way to correct this is to vse for g(ris, ;, w2 @) the low-density
approximation

glri, 0y, 023 @) = exp[—B@,(r;, @, w;)] (8)

where § = 1/kgT, kg being Boltzmann's constant and T the temperature. This we call
the modified mean-field (MMF) approximation.
The ‘perturbative’ contribution to the free energy is now

kgT )
_;’jdfl dr, dw, dwy expl—B@(r iz, @1, w2)]{1 — exp[—Boy(ri2, w,, w1)]}

Xp(rl,w,)p(rz,mz). (9)

Note that by expanding the exponentials in (9) in a Taylor series we are able to improve
systematically on the MF theory in the low-density limit. The MF is recovered if we retain
only first-order terms in 3. For reasons of analytical simplicity we shall be interested in
the first correction to MF, i.e. we shall retain terms up to second order in the series
expansions.

In this MMF approximation it is still assumed that the Helmholtz free energy of the
reference system can be treated in a local-density approximation (see e.g. Telo da Gama
(1984) for details). The grand potential free energy can then be written in the form

o0, @) = [ fukp() dr + [ drdes plr, @) Ve, @) = ]

kg T
+ %j dr) dry dw, 4w, expl—B@dry. 72, 1, w3)]
x{l - exP[“"ﬁ‘Pé(’; 2 P2 01, )]} plry, @y)p(rs, ws). (10)

3. Application to a model dipolar fluid

Let us consider a model dipolar fluid characterized by the potential

0 rso

¥, 0, @ ={ 11
Polr @1, 22) —4e(o/r)® + pulr, 0, 02) r>o )

ou)={

where ¢ is the hard-core diameter, w, and w, are the orientations of the two molecules,
r is the intermolecular separation and ¢ is a measure of the strength of the spherically
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symmetric part of the perturbation?. @44 is the interaction between two dipoles of equal
strength up, given by

Pas(r, @1, 02) = — (UB/r*)[3(8, - A (2 - ) — g, - o] (12)
where f&; and 4i, are unit vectors along the dipole moments and #is a unit vector along

the intermolecular axis.
The free-energy density of the reference system is

freip(r, @) = fi(p(r)) + p(r)kaTlogl4af(r, )] (13)

where f{r, @) is the orientational distribution function, {4} = [Af(r, w) dw and fi,(p(r))
is the free-energy density of a system of hard spheres, e.g. in the Percus-Yevick com-
pressibility approximation (see, e.g., Teloda Gama 1984). The second term on the right-
hand side of equation (13) is the contribution to the free-energy density due to the loss
of entropy caused by the orientational order. For an isotropic fluid, f{r, @) = 1/4x and
this term vanishes.

We further note that, since we are considering spherical molecules, any surface-
induced orientational ordering will be due entirely to the anisotropy of the ‘perturbative’
part of the interaction. Hence, by ‘orientation of a molecule’ is meant ‘orientation of a
molecular dipole’.

We now specialize to the case of a planar interface of area A in the X-¥ plane. The
grand potential functional (10) can now be written

_.___Q[p(z);lf @ o)l f foslp(z)) dz + kT f p(2)log[4nf(z, )]y dz — u f p(z) dz

+ %J’ dz; dw, szz dw, @z, — 22|, @1, wz)P(Zi)f(Zl, W)

x p(22)f(z2, @2). (14)
@ can be calcuiated analytically if we expand the exponentials to second order and
write g4 as a sum of spherical harmonics (Gray and Gubbins 1984). This will allow us
toperform most angularintegrations analytically, whichis amajor simplification. Details
of this calculation are presented in the appendix. Substituting for @ in equation (14)
we obtain an expression for the grand potential functional in terms of the density profile
and the orientational order parameters, defined as

n,{z) = {P,(cos 8)) = fP,(cos B)f(z, &) dw {154)
12(2) = {Pa(cos 8)) = f P1(cos B)f(z, 8) dav (156)

P,(cos 6) and P,(cos 8) being Legendre polynomials. These give the fraction of mol-
ecules aligned in the 2z direction.
Minimization of the grand potential functional (see, e.g., Telo da Gama 1984) yields

1 = p(p(2)) + ks Tlogl4nf(z, 6)]) + f dz’ @ol|z — 2’ )p(z") - IdZ’ @iz - 2'))
Xp(z s () (2) - [ 42920022 Do I Ima(a) - [ d2'Vijz=2')
X p(2)[1(2) + 1) (160)

tNote that the depth of the attractive potentiat well is de.
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Az, 8) = expla, (2)Py(cos B) + a,(z)Py{cos 8)]/[ dw exp[a,(z)P,(cos 6)

+ a’z(Z)Pz(COS 9)1 (16b)
where uy, = 3f,./8p is the chemical potential of a uniform hard-sphere fluid,
1
ay(z) = ol f @1z — 2'Dp(z" ) (z') dz’ (17a)
1 .
@ =g [ Vil = 2Dot) 627+ [ @atle = 2Dt stz a2 (175)

and @q, @, @, and V are also given in the appendix. The solution of the Euler-Lagrange
equation is now reduced to the solution of a one-dimensional integral equation. equation
{16a), for p(z) and the consistency relations (15) for the orientational order parameters.
These equations are solved numerically by an iterative procedure. For details of the
numerical solution see, e.g., Telo da Gama (1984). By straightforward manipulation of
equations (15) and use of equation (16b), the orientational order parameters can be
expressed in terms of known functions (see, e.g., Abramowitz and Stegun 1964).

4, Results

The phase diagram is calculated by solving the two simultaneous equations that express
the constancy of the pressure and the chemical potential in a two-phase system and we
use for p and ¢ the constant-density limit obtained from our density functional theory.
Hence the dipolar contribution to the free energy of the bulk phases arises only as a
second-order effect in @ 4,.

In figure 1 we present bulk phase diagrams calculated for different values of the
reduced dipole moment u% = pp/(£0°)"%. For small dipolar strengths (u# < 0.5) the
phase diagram is hardiy affected, whereas for large uf (>1.5) the effect on the critical
temperature is substantial (see table 1). In this approximation, the critical density seems
to be independent of the dipole strength. The rise in critical temperature approximately
obeys the law

kg AT /e ~ (ub)* (18)

where AT, = T.(up) — T.(0). It follows from figure 1 that the steepness of the density
profile at a given temperature increases with increasing dipole moment, as the difference
between coexisting liquid and vapour densities also increases.

Eggebrecht er al (1987a) argued that, for such models as point multipoles, the singlet
density distribution is invariant to a rotation through « (i.e. the system is invariant under
multipole reversal) and therefore all odd-numbered order parameters should vanish.
Indeed we found 7, to be zero to first and second orders in this approximation and
believe this to hold for arbitrarily higher orders. Since 5, is the only meaningful order
parameter in the MF limit (first-order terms only), we expect that any orientational
ordering will be due to second-order terms and will reveal itself through non-zero values
of ;.
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Figure 1. Phase diagrams for four different strengths of the reduced dipole moment, Note
the increase in the critical temperature. The curves for uf = 0.0 and ug = 0.5 are nearty
coincident.

Table 1. Critical temperatures for several reduced dipole sirengths. In weakly polar liquids,
T# is almost independent of ptf.

5 000 025 050 075 100 125 150 175 2.00

T 200 2.00 200 202 205 212 223 241 264

Infigure 2 we show 1, for T = 1.0and four reduced dipole moments. The molecules
prefer to lie parallel to the interface (77,(z) < 0) on the liquid side, while on the vapour
side perpendicular orientations (7,(z) > 0) are favoured. However, for realistic dipole
strengths (uf ~ 1) the degree of orientational order is small, i.e. of the order of a few
per cent. As expected, the orientational structure is washed out as the temperature
increases, for the entropy term in the free energy becomes dominant.

In figure 3 we compare our results for §,(z) = (5/4n)p(z)n,(z) with those of the
simulation by Eggebrecht et al (1987b). Although the present theory slightly over-
estimates the degree of interfacial order, the overall agreement is fair, given the fact
that there is considerable scatter in the simulation data. Figure 4 shows the density-
orientational profile p(z, 6) at three different z-values (measured relative to the Gibbs
dividing surface). p(z, #) has a maximum for @ = 7/2 on the liquid side (z < 0) and two
symmetric maxima for & = (0 and @ = s on the vapour side (z > 0) (compare with figure
11 of Eggebrecht ez al (1978a)).

This orientational structure can be understood in terms of a lowering of the free
energy. The minimum-energy configuration of a pair of dipoles is top to bottom, and it
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Fignre 2. Qrientational order parameter 5, at T* = 1.0 for five different dipole strengths.
The curve for u = 0.5 is coincident with the z axis.,
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Figure 3. 9. at T = 2,00 for up = 2.31 (—). Computer simulation data {O) (Eggebrecht et

al 1987(b) for the same reduced temperature (T, = T/T,) and reduced dipole moment (g, =
o/ (ks T.07)'?) are also shown. The theory overestimates the degree of orientational order.
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Figure 4. Density-orientational profile at three different z-values (measured relative to the
Gibbs dividing surface): —, pf = 1.22 at T* = 1.35; ---, pf = .78t T* = 1.55; -, up =
2.31 at T™ = 2.00. Temperatures and dipole moments were chosen such that reduced tem-
peratures (T, = T/T,) and reduced dipole moments (fip = up/(ksT.0*)"?) are the same asin
figure 11 of Eggebrecht et al (1987a).

is reasonable to expect that dipoles on the liquid side of the interface will adopt it in
order to minimize the number of nearest parallel and antiparallel neighbours..On the
vapour side, energy constraints are not so severe and dipoles can orient themselves
either antiparallel or perpendicular to those in the liquid. Thz former configuration has
a lower energy but also a very low entropy, and this is why in our view the latter is
adopted.

We also considered the effect of including a quadrupole—quadrupole interaction
term to first order (setting the dipole moment to zero). No orientational ordering was
observed in this case and no symmetry arguments explain such a result. There are
nonetheless indications that quadrupole-induced interfacial ordering may arise if
quadrupole—quadrupole terms to second order are included (Sullivan 1989). Thus we
may conclude that the simplest MF approximation does not predict any preferential
alignment due to quadrupolar forces.

In figure 5 we plot our results for the surface tension for different strengths of the
reduced dipole moment. The addition of a dipole moment causes the surface tension to
increase in a non-linear fashion. However, if we plot y* against reduced temperature
T{=T/T. where T, is the critical temperature) instead, the surface tension curves are
nearly coincident, which suggests that the effect of the dipole on the surface tension is
due mainly to its effect on the phase diagram. This is consistent with the finding that the
degree of orientational order is small.

In table 2 we compare the results of our calculations with those of the simulation.
The simulation used a different intermolecular potential; so we scaled the dipole
moments and the surface tension by 7. The theory slightly overestimates both the
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Figure 5. Temperature dependence of the reduced surface tension (y* = yo'/e) for four
different dipole strengths. The curves for uf = 0.0 and pf, = 0.5 are nearly coincident.

Table 2. Reduced liquid and vapour densities (p* = po®) and reduced surface tension (§ =
vo*/kgT,) for two different strengths of the reduced dipole moment (ftp = pp/(kp7.0%)"),
obtained by simulation (MD) and with the present theary {MMF).

lﬁD T: pl‘md 2 l- mmf P ;md p;mmf lF’md ?mm!

0.84 072 0702 0.714 0.0023 0.0106 0.437 0512
1.33  0.67 0.743 0.811 0.0013 0.0025 _ 0.487 0.591

coexisting bulk densities (by a few percent) and the surface tension (by approximately
20%).

5. Conclusions

The theory described in this paper is the simplest self-consistent approximation for the
interfacial properties of fluids characterized by multipolar interactions which yields a
non-zero contribution to the free energy of the bulk phases. This results in a bulk phase
diagram which depends explicitly on the strength of the multipole moments.

We have applied the theory to a simple model of a dipolar fluid and found that it
predicts that orientational ordering can be induced by purely multipolar forces. Results
are in fair agreement with those of 2 computer simulation of a Stockmayer fluid.
Discrepancies can be traced to the fact that we have approximated the radial distribution
function by its low-density limit and truncated the series expansions at second order.
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Moreover, the simulation did not use quite the same intermolecular potential as we did
and there is some uncertainty in the critical temperatures used to reduce the simulation
data {Eggebrecht er al 1987a),

We also found that the effect of the dipole on the surface tension is due mainly to the
changes in the phase diagram caused by the dipolar contribution to the bulk free energy.

The present theory can be straightforwardly generalized to binary or ternary
mixtures. We successfully developed one such extension (to a polar-non-polar binary
mixture) (Teixeira 1990) but the agreement with existing experimental data for the
surface tension (for a CH,Cl,—CS, mixture) was no better than that achieved using a
simple MF theory and a choice of spherically symmetric interaction potentials (Aracil e
al 1989). Thus we believe the strength of our theory tolie in the fact that it can successfully
predict dipoie (and possibly quadrupole) induced interfacial orientational ordering.
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Appendix: evaluation of the effective potential ¢y

Expanding the exponentials in (10) to second order in a Taylor series, we obtain
I %

Bvetz, @, 0)= [ dp [ RARexpl-Bou(R, 2 9)]
Q [

x{1- exp[_ﬁcpp(R! Z, @, Wy w2)]}
2% oo
=[ dq’j RdR (Bq)p(Rh z, @, wl;wZ)
1] 0

- 5 (B9R, 2, 9,01, 00 + ). (A1)

We shall retain terms to second order in the dipole—dipole interaction and to first order
in the quadrupole—quadrupole interaction. This involves evaluating integrals of the type

2n o
tzon0)=[ dp RaRxRz0,0,,0.) (A2)
i} v]

where ¥ = @uja @hias Pad> P5ds PriaPas, @oq- Evaluation of integrals containing just
the spherically symmetric terms is straightforward; so we restrict our attention to multi-
polar contributions. Conventions adopted for spherical harmonics and Clebsch~Gordan
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coefficients are those of Gray and Gubbins (1984), which serves as a general reference
for this appendix.

Al. Evaluation of g3
We start by writing gy as a sum of spherical harmonics (Gray and Gubbins 1984):

2 12
- "':,—?43 (%) > CQ112, mymym)
ey
(pdd(r! Dy, (.02) = N . (A3)
. x Ylml(wl)Ylmz(wZ)Yzm(m) r>g
0 r<g.

For z > o we have

8m\ 12
) > C(112; mymam)Y gy, (01)Y 3, (002)

—_— R 8
@aa(z, 01, @y) puodm (15 il
+ RdR b1
[ G aym] Yintw)de (A4)
0

0

The angular integral in (A4) is proportional to ,, and the integral over R vanishes. It
follows that 4y is zero for z > o.

If we now have z < ¢, two cases must be considered: r < 0if R?< ¢? ~ z%andr> ¢

if R? > ¢* — z% From the potential separation it results that g4, can be calculated from
(A4) if the lower limit of the integral over R is changed to Vo> — 22, Hence

Padlz, w1, 0) = —(2au?/o*) (22 — 0?)[cos 6, cos O, — dsin B, sin 6, cos(@; — @3)]
(A5)

forz=o.
Evaluation of @ . 4q Is straightforward, since this term has the same angular
dependence as Pgg. Its z-dependence is given by H(z) in equation (A14).

A2. Evaluation of E:Tf;;

For z > o we have

128x°
Phalz, 01, 05) = pt o= X - CUIZ; mymym)Y i, (01)Y 1y (@2)
r’nn'llm'zzm’
o Rdr
X C(112; mimim’)Y 1 (01)Y 13 (@02} J; Yol

x j T i (@)Y () dp. (A6)
0
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The angular integral in (A6) is proportional to 8., and it again follows, noting that
m'=mi{ +m} = —m=>m; =—(m| + m), that

12873
Pz, 00y =pt 1= 2 Q12 mymym)C(112; m5 = (i +m) — m)
mimomjy
bt Ylm;(wl)Ylmz(wZ)Ylm‘g(wl)Yl-{m'l+m)(w2)
i RdR = * #*
[ @eay | va@ria@e (A7)

where m, m, and m) run from —1to +1and m = my + m, = —m'. Hence
@iz, 01, w;) = (3aut /16) (1 + cos? 6,)(1 + cos? 8,)(1/z*) (A8)
forz> o
Now let z < o. Likewise @3, is again given by (A7) if the lower limit of the integral
over R is replaced by Va? — z%. Hence
Pz, @1, 0,) = (mp*/160*) (10 — 10 cos? @, — 10 cos? 8, + 18 cos? @, cos? 8,)
+ (mut /o) (—1 + % cos 2 6; + § cos? @, — 6 cos? B, cos? 6,)(27/0?)
+ (9/4) (u*/0*) [4(3 cos? 8, — 1)}(3 cos? 6, ~ 1)} (z*/*) (A9)

forz=o.

A3. Ewvaluation of @,

Similarly we write @,q as a sum of spherical harmonics (Gray and Gubbins 1984):

2
%?—’;(mnyﬂ S C(224; mymym)
! mymun
Poqlr, @1, ) =
T X Y gy (@1) Yoy (02) Y i (@) r>o
0 r<o.
(A1)
First, forz > o,
- ' 8 122 '
Q?qq(za Wy, W) = “1"5'(70-73) o 2 C(224, m;mgm)ngl(ml)Yz,,,z(wg)
mmzm
Fee RdR J‘z"
| Vik(w)de. (A11)
J; (R? + zz)sfz ]

The angular integral in (Al1) is again proportional to &,y and the integral over R
vanishes. Therefore @, is zero for z > 0.

Now for z < ¢ we substitute V'o? — z2 for the lower limit of the integral over R in
(A11). Hence we finally obtain
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Paalz.w1,0,)=(372Q%/20%) X [Po(c0s6, )Py (cosb;) + isin® 8, sin? B,¢cos2(@; — 1)
—sin(28,)sin(28, )cos(@, — ¢,)] X [5(z/0)* - 6(z/6)* +1] (A12)

forz=<o

As the system is invariant in the X-Y plane, the onentatlona] distribution function
#(z, ®) depends on w only through 8, and terms in cos(¢, ~ ¢,) average to zero and can
be omitted. The final expression for the effective potential is then

@ere(Z, 81, 82) = A(z) + B(2) cos 6, cos 8, + g,(2)[§(3 cos? 8, — 1)4(3 cos® 8, — 1)]
—(B/2){C(z) + D(z)(1 + cos? 8,)(1 + cos? 8,) + E(z)(10 — 10 cos? 8,
~ 10 cos? 8, + 18 cos? 8, cos® 8,) + F(z)(—1 + % cos® 8, + § cos? B,
— 6 cos? B, cos® 8,) + G(z)[3(3 cos? 8; — 1)4(3 cos? 8, — 1)]

+ H(z) cos 8, cos 8} (Al13)
where
A = {—2::80‘5/2‘ 0 lz| >0
@)= —2med® —(2au?/®) (22 - &%) |zl = o
1672 /5 (0" /2) _ (3::,41"‘/16)(1/24) |z} >0
@ = {16ne202/5 (=)= {0 |zi=o
(0 L |zl > o
B = | 160 )=t/ dl<o
(2) = {0 H(z) = {(64:!;&28/21)(0‘5/27) |z| > o
(On/4) (u*/o*)(z*/c%) (16mu’e/a)(2*[3 - *[T)  |zl<o
N {0 _ |z| > o
%) =\ 3202200 (5(2/0)* - 62foy +1)  lel<o (A14)

where ¢, £ are LI parameters, ¢ is the dipole moment, Q is the quadrupole moment, 8,
(8,) is the angle between the dipole moment of a molecule at z, (z;) and the positive z
axisand z = z; — z,.

The effective potential terms used in the evaluation of the order parameters and
grand potential (equations (14), (16) and (17)) are linear combinations of the above:

Po(z) = A(z) — BC(2)/2 — (8B/9)D(2) —(86/3)E(2) (Al5a)
@i(z)} = —B(2) + BH(z)/2 (A15b)
pa(2) = (Zﬁ/9)D(Z) + 4BE(z) — (4B/3)F(2) + BG(2)/2 = @q(2) (Al5c)
V(z) = (4B/9)D(z) — (48/3)E(2) + PF(z)/6. (Al5d)
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